In this review, we give a pedagogical introduction to a systematic framework for constructing and analyzing supersymmetric field theories on curved spacetime manifolds. The framework is based on the use of off-shell supergravity background fields. We present the general principles, which broadly apply to theories with different amounts of supersymmetry in diverse dimensions, as well as specific applications to N = 1 theories in four dimensions and their three-dimensional cousins with N = 2 supersymmetry. This is a contribution to the review volume "Localization techniques in quantum field theories" (eds. V. Pestun and M. Zabzine) which contains 17 Chapters available at [1] 
Introduction
A standard tool in quantum field theory (QFT) is to probe the theory with non-dynamical sources, or background fields. The consequences of symmetries can then be systematically analyzed by assigning spurious transformation rules to the background fields. In supersymmetric theories, all sources must therefore reside in multiplets of supersymmetry, or superfields. This constrains the extent to which they can affect protected supersymmetric, or BPS, quantities. A typical example is the effective superpotential in four-dimensional theories with N = 1 supersymmetry, which must be a locally holomorphic function of coupling constants that reside in background chiral superfields [2] . This constraint makes it possible to determine the effective superpotential exactly in a large class of theories; see [3] for a classic exposition of this powerful approach to analyzing the dynamics of supersymmetric field theories.
Much recent work has involved placing supersymmetric field theories on a manifold M with a non-trivial metric or topology, while preserving some (though generally not all) supercharges. 1 The partition function Z M on M (which may be decorated with suitable background fields or operator insertions) is BPS and can sometimes be computed exactly, e.g. using supersymmetric localization techniques. 2 A systematic approach to constructing and analyzing supersymmetric field theories on curved manifolds M was presented in [7] . It extends the principle that all background fields should reside in superfields to the metric g µν on M by embedding it in an off-shell supergravity multiplet.
The purpose of this review is twofold: first, to outline in broad strokes the supergravitybased approach of [7] , which is very general and applies to all supersymmetric field theories. Second, to present some applications to four-dimensional N = 1 theories (section 2) and their three-dimensional cousins with N = 2 supersymmetry (section 3). These examples illustrate the general framework and showcase its utility for deriving exact results, often without recourse to explicit localization computations, or even a Lagrangian.
Background fields and partition functions
Throughout, background gauge fields coupling to conserved currents will play a crucial role. As an example, consider a theory with a U (1) flavor symmetry. The corresponding conserved current j µ can be coupled to a background gauge field a µ , ∆L = a µ j µ + O(a 2 ) .
(1.1)
The O(a 2 ) seagull terms are tuned to ensure invariance of the Lagrangian under gauge transformations of a µ , which enforces current conservation, ∂ µ j µ = 0. Small field variations around a µ = 0 are captured by correlation functions of j µ in the undeformed theory. Every relativistic QFT possesses a conserved, symmetric stress tensor T µν . (If the theory is also conformally invariant, then T µν can be chosen such that T µ µ = 0.) The appropriate source is a background spacetime metric g µν . Depending on the signature of spacetime, it may be a Lorentzian or a Riemannian metric. Below, we will mostly discuss field theories on compact, Euclidean spacetime manifolds, which require a Riemannian g µν . Around flat space, g µν = δ µν , the theory couples to a metric deformation ∆g µν via the stress tensor, 3 g µν = δ µν + ∆g µν , ∆L = − 1 2 ∆g µν T µν + O ∆g 2 .
(1.2)
Here the indices are raised and lowered using the flat metric δ µν . When the perturbation ∆g µν is small, its effect is captured by correlation functions of T µν in flat space. The conservation equation ∂ µ T µν = 0 is enforced by choosing the O ∆g 2 gravitational seagull terms so that the Lagrangian is invariant under diffeomorphisms that also act on the background metric g µν . Such a diffeomorphism-invariant Lagrangian can then be studied on an arbitrary Riemannian manifold M, which may be curved or possess non-trivial topology. 4 The stress tensor is not unique: it can be redefined by improvement terms, such as
where O is a well-defined scalar operator. Both T µν and T ′ µν are acceptable stress tensors: they are symmetric, conserved, and integrate to the momentum operators P µ . Consequently, we can use either one to place the theory in curved space. The improvement terms in (1.3) then give rise to curvature couplings, 4) where R[g] is the Ricci scalar of the metric g µν . 5 More general improvements can involve a four-index tensor O µνρλ that couples to the full Riemann tensor R µνρλ . We can also modify the Lagrangian by adding local, diffeomorphism-invariant terms that only involve the background metric. These do not change the correlation functions of T µν at separated points, but they can give rise to contact terms at coincident points. Given a QFT on a manifold M, it is interesting to study its partition function,
(1.5)
In addition to the metric g µν on M, we can also couple a background gauge field a µ to every flavor current of the theory, as in (1.1). The ellipses in (1.5) denote other background fields. Below, we will see that supersymmetric theories are naturally equipped with a variety of other background fields that must be considered in conjunction with g µν and a µ . In general, Z M suffers from IR and UV divergences. The IR divergences can often be cured by taking M to be a compact manifold. 6 As in flat space, the UV divergences are regulated by introducing a short-distance cutoff. The resulting dependence of Z M on the regularization scheme is captured by local counterterms in the background fields. In UV-complete quantum field theories, only finitely many such counterterms are needed. Given a set of background fields, the possible counterterms can be enumerated once and for all. If the regulator preserves certain symmetries, e.g. diffeomorphisms, the counterterms must also respect these symmetries. The scheme-independent part of the partition function Z M captures the universal longdistance physics of the QFT. For instance, the functional dependence of Z M on the sources g µν , a µ , etc. encodes correlation functions of the corresponding local operators T µν , j µ etc. on M. Partition functions can also detect non-local degrees of freedom, which are activated by the topology of M. A typical example is Chern-Simons theory on a three-manifold, which possesses no local operators but leads to non-trivial partition functions [11] .
In conformal field theories (CFTs), the conformal symmetry can be used to relate properties of the theory on different manifolds. A typical example is the operator-state correspondence, which identifies states on S d−1 ×R in Hamiltonian (i.e. radial) quantization with local operators. Similarly, correlation functions of local operators on R d are conformally related to correlation 4 Additional care is required if the field theory has gravitational anomalies (see for instance [10] ). 5 In the conventions of [9] , a round S d of radius r has constant negative scalar curvature R = −
. 6 This is not sufficient to ensure that ZM is IR finite, since the integral in (1.5) may have bosonic zero modes even if M is compact.
functions on S d , where the IR fluctuations of the CFT are naturally regulated by the finite spacetime volume. Note that conformal symmetry fixes the improvement terms (1.3), and hence the curvature couplings (1.4), by singling out a preferred, traceless stress tensor.
A quantity that has received much recent attention is the entanglement entropy. For the special case of vacuum entanglement across a spherical entangling surface in a CFT, the entanglement entropy can be obtained from the partition function Z S d on a round sphere [12] . More precisely, the statement applies to the universal, scheme-independent parts of both quantities. These can in turn be used to define a quantity that is known (in 1 ≤ d ≤ 4 dimensions) or believed to decrease monotonically under renormalization-group (RG) flow (see for instance Contribution [13] and references therein).
Supersymmetric theories
As is the case for most observables in interacting QFTs, the partition functions discussed in section 1.1 are generally not (exactly) computable. The situation is better in supersymmetric theories: BPS observables, which are annihilated by some of the supercharges, are often tightly constrained; in favorable situations, they can even be determined exactly.
Placing supersymmetric field theories on a non-trivial manifold M with a curved metric g µν generally breaks all flat-space supercharges. Intuitively, this can be understood from the linearized coupling (1.2) of the stress tensor to the background metric g µν , since T µν is not a BPS operator, i.e. [Q, T µν ] = 0 for every flat-space supercharge Q. More precisely, placing a flat-space theory on M by minimally coupling it to the metric g µν leads to a curved-space supercharge for each covariantly constant spinor ζ on M,
This equation is very restrictive. For instance, the only compact four-manifolds that admit covariantly constant spinors are flat tori T 4 and K3 surfaces with Ricci-flat Kähler metrics. Similar statements apply to background flavor gauge fields a µ , which typically break supersymmetry because the associated flavor current j µ is not a BPS operator. A notable exception occurs for flat connections, which can always be turned on without breaking supersymmetry. 7 In this review we will follow [7] and explain how the condition (1.6) can be relaxed in a systematic way. Consequently, some supersymmetry can be preserved for a much larger class of manifolds M and background fields g µν , a µ . If M does not admit covariantly constant spinors, this is achieved by coupling the flat-space field theory to background fields in a special, nonminimal way. As we will see, a crucial role is played by additional background fields that are necessarily present in supersymmetric theories. The resulting curved-space Lagrangian L M is invariant under the action of one or several supercharges, whose algebra may be deformed. The corresponding spinor parameters satisfy equations that generalize (1.6).
Under favorable conditions, the partition function Z M of a supersymmetric field theory on a curved manifold M can be computed exactly using supersymmetric localization. (See Contribution [6] for an overview with references.) The theory is frequently assumed to have a presentation in terms of fields and a Lagrangian. In the simplest case, the curved-space Lagrangian L M is invariant under a nilpotent supercharge Q, i.e. Q 2 = 0, which can be used to deform the path integral expression (1.5) for the partition function while preserving Q,
for some fermionic operator O. In order to ensure that the deformed action in the exponent of (1.7) is Q-invariant for every value of t, it is convenient (but not necessary) to realize the supercharge Q off shell. The variation of Z M (t) with respect to the parameter t vanishes, because the change in the integrand is Q-exact,
This shows that Z M = Z M (0) can be computed by evaluating (1.7) for any choice of t, including t → ∞. For suitable choices of the operator O, this limit localizes the path integral to semiclassical field configurations, with t −1 → 0 playing the role of Planck's constant. The semiclassical saddle points depend on the choice of Q and O, i.e. they are typically not saddle points of the undeformed theory with Lagrangian L M . The bulk of this review volume is dedicated to explicit localization computations of supersymmetric partition functions Z M , perhaps in the presence of additional insertions (see Contribution [6] and references therein). The techniques and results reviewed below serve as a basis for such calculations. In particular, we will address the following questions:
1.) When and how can a supersymmetric field theory be placed on a curved manifold M while preserving some supersymmetry?
2.) What additional data does the resulting supersymmetric Lagrangian L M on M depend on, beyond the data that was already present in flat space?
3.) How does supersymmetry constrain the dependence of the partition function Z M on this data?
As we will see, these questions can be answered within a uniform, largely model-independent framework, which crucially relies on supersymmetry, but not explicit localization computations. In fact, most of the results reviewed below do not require a Lagrangian description of the field theory. 9 Before outlining the general framework in section 1.3, we will examine a few representative examples of supersymmetric field theories in non-trivial backgrounds.
The only way to preserve all flat-space supercharges on a compact manifold M without turning on any background fields other than the metric is to take M to be a flat torus T d , with periodic boundary conditions for fermions. The corresponding partition function Z T d is the Witten index [4] , which counts the supersymmetric vacua of the theory on T d−1 × R, weighted by their fermion number. 10 As was already discussed around (1.6) above, a covariantly constant spinor leads to a supercharge on M, but such spinors only exist for very special choices of M, such as Calabi-Yau manifolds. A more general prescription for preserving supersymmetry, which applies to a larger class of manifolds, is known as twisting [5] : assume that the supersymmetric theory has a continuous R-symmetry G R , and that the Riemannian holonomy group of the metric g µν on M is G hol . If a given flat-space supercharge Q is a singlet under the diagonal subgroup (G R × G hol ) | diag , then Q can be preserved on M. (In flat space, the holonomy group G hol acts via Euclidean rotations.) A prototypical example is topologically twisted N = 2 Yang-Mills theory on an oriented Riemannian four-manifold [5] . Here G R = SU (2) R and G hol = SO(4) = SU (2) × SU (2). One 8 This argument requires the path integral to converge sufficiently rapidly so that it is legitimate to integrate by parts in field space. See [14] for a detailed discussion of some examples where this assumption breaks down.
9 See Contribution [15] for some examples of localization calculations in non-Lagrangian theories. 10 The Witten index may be ill defined if there are bosonic zero modes that are not lifted when the flat-space theory is compactified on a torus. of the SU (2) factors of G hol is twisted by the SU (2) R symmetry to yield a single scalar supercharge on M, which can be used to show that the partition function Z M is independent of the metric g µν on M. For this reason, the twist is referred to as topological. However, not all twists give rise to topological theories. For instance, four-dimensional N = 1 theories with a U (1) R symmetry can be twisted on an arbitrary Kähler surface M, for which G hol = U (2) [16, 17] . Now the twisted theory depends on the complex structure of M, and hence it is not topological.
Twisted theories are often described by performing a field redefinition to variables that are adapted to the geometric structure that underlies the twist. For instance, topologically twisted N = 2 theories can be described by fields that are differential forms on M, while holomorphically twisted N = 1 theories on a Kähler surface M lead to fields that are complex (p, q) forms on M. However, the twisting procedure can also be implemented by coupling the original, untwisted supersymmetric field theory to a background R-symmetry gauge field A (R) µ , which is tuned to cancel part of the spin connection [18, 17] . The preserved supercharge on M is parametrized by an R-charged spinor ζ that satisfies,
which generalizes (1.6).
Much recent activity has revolved around supersymmetric field theories on backgrounds that go beyond the basic twisting paradigm. Two prototypical examples of such backgrounds arose in the study of four-dimensional N = 2 theories with an SU (2) R symmetry. (We will encounter additional examples below.) The first is the Ω-background of [19, 20] , which can be viewed as an equivariant deformation of the topological twist on R 4 = R 2 ε 1 × R 2 ε 2 by an isometry that rotates two orthogonal R 2 planes inside R 4 . The rotation angles are determined by the equivariant parameters ε 1,2 . This background preserves more supercharges than the topological twist, and the corresponding partition function Z Ω explicitly depends on ε 1,2 , as well as some flat-space coupling constants, in a complicated and interesting way. The second example is a background on a round S 4 , which preserves all eight supercharges [21] . The supersymmetry algebra is deformed to OSp(2|4), whose bosonic subalgebra contains the SO(2) R Cartan subalgebra of the SU (2) R symmetry and the Sp(4) = SO(5) isometries of S 4 . The partition function Z S 4 can depend on some flat-space couplings and the radius of the sphere. See [22] and Contribution [23] for a review of these two backgrounds and some of their applications.
Overview of the formalism
As was noted at the beginning of section 1.2, the obstruction to preserving supersymmetry on an arbitrary curved manifold M is due to the fact that the stress tensor T µν is not a BPS operator. In supersymmetric theories T µν resides in a supermultiplet, together with other bosonic and fermionic operators J i B and J i F . As we will review in section 2.1, the structure of the stresstensor multiplet reflects very general properties of the field theory (e.g. the spacetime dimension, the amount of supersymmetry, the presence or absence of possible R-symmetries, or whether the theory is superconformal), but is otherwise largely model independent. Moreover, every supersymmetric field theory must have a stress tensor multiplet, even if the theory is strongly coupled or does not have a Lagrangian description.
The bosonic superpartners J i B of the stress tensor can be coupled to suitable bosonic background fields B i B and added to the Lagrangian (1.2),
where we casually refer to all higher-order terms in the background fields as seagull terms. For special choices of ∆g µν and the other bosonic sources B i B , the deformation ∆L can preserve some supersymmetry, due to cancellations between the supersymmetry transformations of T µν and J i B . At higher order, we must also ensure supersymmetry of the seagull terms, which can lead to additional conditions. 11 Following [2] , it was explained in [7] that the constraints of supersymmetry on the bosonic sources g µν , B i B are best understood by embedding them into a supermultiplet. Their fermionic superpartners B i F , which source the operators J i F in the stress-tensor multiplet, are set to zero in the Lagrangian (1.10). As was emphasized in [7] , the sources must reside in an off-shell supergravity multiplet, because they are non-dynamical background fields that couple to the stress-tensor supermultiplet. This construction can be viewed as a rigid limit of dynamical off-shell supergravity, where the fluctuations of the supergravity fields are frozen by scaling the Planck mass to infinity, M p → ∞. We will therefore refer to this construction of supersymmetric field theories on M as rigid supersymmetry.
The requirement that ∆L in (1.2) should preserve a supercharge Q amounts to the statement that the Q-variation of all fermionic sources should vanish,
The left-hand side of this equation is a non-trivial bosonic expression, which involves the sources g µν , B i B and the spinor ζ that parametrizes the supercharge Q. The equations (1.11) simultaneously determine the allowed supersymmetric configurations for the bosonic background fields and the corresponding spinor parameter ζ.
Even at this level of generality, we can make the following observations:
• The fermionic sources J i F always include at least one background gravitino Ψ µ , whose supersymmetry variation takes the schematic form δ Q Ψ µ = ∇ µ ζ + · · · . Imposing (1.11) then leads to a differential equation for the spinor parameter ζ that generalizes (1.6) and (1.9). We will follow standard practice and refer to such equations as (generalized) Killing spinor equations. A given configuration of background fields admits multiple supercharges if it satisfies (1.11) for each supercharge Q, i.e. if the Killing spinor equations in this background admit multiple independent solutions.
• Both the generalized Killing spinor equations and the rigid supersymmetry algebra on M follow from the structure of the background off-shell supergravity multiplet. The rigid supersymmetry algebra is realized as a subalgebra of the (infinite-dimensional) algebra of supergravity gauge transformations. As we will review in section 2, a given field theory may admit several inequivalent stress-tensor supermultiplets. In this case it can be coupled to different off-shell supergravities, 12 which generally lead to inequivalent Killing spinor equations, and hence to different supersymmetric backgrounds.
• A rigid supersymmetric background is characterized by a full set of bosonic supergravity background fields, i.e. specifying only the metric does not determine the background. In particular, there are distinct backgrounds that have the same metric but lead to different partition functions. In general, they may arise from different off-shell supergravities, preserve different amounts of supersymmetry, or lead to different supersymmmetry algebras.
• In Lorentzian signature, unitarity fixes the reality properties of the fields in the supergravity multiplet so that the Lagrangian (1.10) is real. In Euclidean signature, we are free to contemplate background fields that do not satisfy the reality conditions needed for unitarity (more precisely, reflection positivity). This greatly enriches the set of Euclidean backgrounds, and some interesting supersymmetric backgrounds can only be obtained in this way. (We will, however, always assume that the background metric g µν is a standard Riemannian metric.) Observables (e.g. partition functions) computed in such non-unitary backgrounds in general do not possess standard reality properties. Nevertheless, they often encode interesting information about the underlying unitarity field theory.
• If the flat-space field theory has a Lagrangian description in terms of fields, then the Lagrangian and the supersymmetry transformation rules for the fields in curved space follow from the corresponding formulas in the appropriate matter-coupled off-shell supergravity. 13 These formulas are universal, i.e. they apply for arbitrary configurations of the supergravity fields. Once a given supersymmetric background has been found, the Lagrangian and the transformation rules in this background can be obtained by specializing the general formulas.
It is straightforward to extend the preceding discussion to supersymmetric configurations of bosonic background fields residing in other supermultiplets. Supersymmetry requires the variations of all fermionic sources in the multiplet to vanish, as in (1.11). Below we will apply this to background gauge fields that couple to conserved flavor currents. However, the supergravity multiplet enjoys a special status, since it determines the number of supercharges and their algebra. Activating additional background fields that reside in other supermultiplets may preserve these supercharges, or it may break them to a (possibly trivial) subalgebra.
Outline
In the remainder of this review, we will illustrate the rigid supersymmetry formalism using N = 1 theories in four dimensions (section 2) and N = 2 theories in three dimensions (section 3). We discuss different stress-tensor and supergravity multiplets, and describe some of the corresponding supersymmetric backgrounds. We explain how to construct supersymmetric Lagrangians on these backgrounds and describe the data they depend on, paying particular attention to the data that originates from the coupling to the curved manifold M. Finally, we explain to what extent this data can affect the partition function Z M . We will mostly focus on theories with a U (1) R symmetry, but we also mention some results for theories that do not have such a symmetry. We consider two examples in detail: N = 1 theories on S 3 × S 1 and N = 2 theories on a round or squashed S 3 . The former background can be used to define an index that tracks supersymmetric operators along RG flows (it is closely related to the superconformal index, see Contribution [25] ). The latter backgrounds play a crucial role in F -maximization and can be used to compute correlation functions of conserved currents (see Contribution [13] ).
2 Four-dimensional N = 1 theories 2.1 Stress-tensor multiplets and off-shell supergravities
As was explained in section 1.3, the procedure of placing a supersymmetric theory on a curved manifold commences with a choice of stress-tensor supermultiplet in flat space. The different possibilities that can arise in four-dimensional N = 1 theories were described in [26, 27] . (See also [28] for an early discussion.) Here we will restrict ourselves to the three most common multiplets. We will describe them in superspace (using the conventions of [9] ) as well as in components. In all cases, the supersymmetry transformations of the component fields implicitly follow from the superspace description. In section 2.4 we will explicitly write out some of these transformation rules for theories with a U (1) R symmetry.
1.) The stress-tensor multiplet of an N = 1 superconformal theory (SCFT) is a real superfield J µ that satisfies
The component fields in J µ are given by
where j
is the superconformal U (1) R current, S µα is the supersymmetry current, and T µν is the stress tensor. All three currents are conserved, and the currents S µα , T µν are traceless, i.e. σ µαα S µα = T µ µ = 0.
2.) The majority of four-dimensional N = 1 theories (with or without an R-symmetry) admit a Ferrara-Zumino (FZ) stress-tensor multiplet [29] . 14 The FZ-multiplet is given by a real superfield J FZ µ , such that 
Here j µ is a non-conserved vector operator, S µα is the conserved supersymmetry current, x is a complex scalar, and T µν is the conserved, symmetric stress tensor. The chiral superfield X is the trace submultiplet of the FZ-multiplet, 15
When X = 0, the FZ-multiplet reduces to the superconformal multiplet, as can be seen by comparing (2.3) and (2.1). In this case the vector operator j µ in the FZ-multiplet becomes the conserved superconformal U (1) R current, and S µα , T µν become traceless.
14 The only known exceptions are abelian gauge theories with Fayet-Iliopoulos terms, and their analogues in the context of (gauged) sigma models [30, 26, 31, 27] .
15 Unlike unitary superconformal multiplets, which possess a unique lowest-weight state, multiplets of Poincaré supersymmetry may be reducible (i.e. they may contain non-trivial submultiplets) without being decomposable into smaller multiplets. See [27] for a discussion in the context of stress-tensor multiplets.
3.) Non-conformal theories with a U (1) R symmetry possess a stress-tensor multiplet R µ , whose bottom component is the conserved R-current j
µ . In superspace,
The component fields residing in the R-multiplet are given by
Here C µν = C [µν] is a conserved two-form current, which can give rise to a string charge in the supersymmetry algebra [27] . The superfield χ α , which satisfies the same constraints as an abelian field-strength multiplet, is the trace submultiplet of the R-multiplet. Setting χ α = 0 leads to the superconformal multiplet (2.1).
Some theories have more than one stress-tensor multiplet. For instance, a theory with an FZmultiplet may possess a U (1) R symmetry, in which case it also admits an R-multiplet. In this case the two multiplets are related by a supersymmetric analogue of the improvement transformation (1.3) for the stress tensor.
The off-shell supergravity multiplets that couple to the conformal stress-tensor multiplet, the FZ-multiplet and the R-multiplet are conformal supergravity [32] , as well as the old [33, 34] and new [35, 36] minimal formulations of off-shell supergravity. (See [37] for a recent discussion of conformal and old minimal supergravity; additional details on new minimal supergravity can be found in [38] .) In principle, we can use any set of off-shell supergravity fields, as long as the flat-space theory admits the corresponding stress-tensor multiplet. In practice, it is often useful to consider non-conformal supergravity, even if the flat-space theory is conformal. The reason is that, quantum mechanically, even CFTs must be defined using a UV cutoff, which breaks conformal symmetry but can often be chosen to preserve supersymmetry. If the theory is conformal, we expect the non-conformal supergravity fields to decouple as the UV cutoff is taken to infinity. However, some remnants of the regulator, and hence of the non-conformal supergravity fields, may survive:
• The allowed supersymmetric counterterms that parametrized the UV ambiguities (i.e. the scheme dependence) of the partition function Z M are governed by the non-conformal supergravity theory that couples to the combined SCFT-regulator system. The nonconformal gravity fields can in principle be decoupled by fine-tuning these counterterms, but in practice one is typically left with an ambiguity parametrized by local counterterms that involve the non-conformal supergravity fields. 16 This plays an important role in elucidating the properties of supersymmetric partition functions and interpreting the results of explicit localization computations. See for instance [39, 40, 41, 42, 43, 44, 45, 46, 47] and references therein for a sampling of the recent literature.
• The decoupling of the non-conformal supergravity fields can be spoiled by superconformal anomalies, which cannot (even in principle) be removed by fine-tuning the allowed supersymmetric counterterms. Examples are Weyl anomalies in even dimensions, which render T µ µ = 0 in the presence of certain background fields. Such anomalies are, for instance, discussed in [48, 49, 47] , as well as Contribution [50] . A different, global superconformal anomaly in three dimensions was described in [40] .
In light of the above, we will only consider the non-conformal old and new minimal supergravity theories. 17 Moreover, most of our discussion will focus on the new minimal formulation, because field theories with a U (1) R symmetry are typically under better theoretical control.
Theories with an R-symmetry
The coupling of theories with a U (1) R symmetry to supergravity background fields proceeds via the R-multiplet (2.6) and (2.7), whose component fields we repeat here for convenience,
The appropriate background fields reside in the new minimal supergravity multiplet [35, 36] ,
In addition to the metric g µν and the gravitino Ψ µα , this multiplet contains a U (1) R gauge field A
(R)
µ , which couples to the conserved R-current j
µ , and a two-form gauge field B µν , which couples to the conserved two-form current C µν . We will often use the Hodge dual of its field strength, which is a covariantly conserved vector field, 18
The only fermionic field in the new minimal supergravity multiplet (2.9) is the gravitino Ψ µα . As explained around (1.11), the supersymmetric configurations of the bosonic background fields are determined by setting the supersymmetry variations of the gravitino to zero. In new minimal supergravity, these variations take the following form,
11)
These formulas are valid in Lorentzian signature, where the left-handed spinor ζ α of R-charge +1 and the right-handed spinor ζα of R-charge +1 are related by complex conjugation, while A (R) µ and V µ are real. In Euclidean signature, the left-handed and right-handed spinors are independent and no longer related by complex conjugation. We will emphasize this by writing tildes instead of bars, e.g. ζα instead of ζα and σ µ instead of σ µ . (In Euclidean signature, we follow the conventions of [8] .) Moreover, the Lorentzian reality conditions on A (R) µ and V µ may be relaxed at the expense of unitarity. In general, a supercharge Q is characterized by a pair (ζ, ζ) of leftand right-handed Killing spinors, but in new minimal supergravity we can always consider supercharges (ζ, 0) or (0, ζ) of definite R-charge. (In section 2.6 we will discuss theories without an R-symmetry, where this decomposition of (ζ, ζ) is generally not possible.) A supercharge Q of R-charge −1 corresponds to a Killing spinor ζ for which the right-hand side of (2.11) vanishes,
Similarly, a supercharge Q of R-charge +1 corresponds to a Killing spinor ζ for which the right-hand side of (2.12) vanishes,
Note that these equations reduce to (1.9), which describes twisting, when the background field V µ vanishes. As explained in section 1.3, the rigid supersymmetry algebra satisfied by the supercharges Q or Q descends from the algebra of local supergravity transformations. In new minimal supergravity, this algebra includes local supersymmetry transformations (parametrized by arbitrary spinors ζ, ζ), as well as diffeomorphisms, local Lorentz transformations, and R-symmetry gauge transformations [35, 36] . If we restrict to Killing spinors that satisfy (2.13) and (2.14), this algebra simplifies and reduces to the rigid supersymmetry algebra satisfied by the supercharges Q, Q. On a field Φ with U (1) R charge r and arbitrary spin, the algebra is given by
The infinitesimal variations anticommute because we take the spinors ζ, ζ to be commuting. It follows from the Killing spinor equations (2.13) and (2.14) that K µ is a Killing vector. The operator L ′ K denotes a modified Lie derivative along K, which is twisted by the R-symmetry,
Here L K is the ordinary Lie derivative. 19 Due to the twist, the R-charge can appear on the right-hand side of the supersymmetry algebra, unlike in standard flat-space supersymmetry. The solutions to the generalized Killing spinor equations (2.13) and (2.14) were analyzed in [7, 51, 52] , and the conditions for the existence of one or several supercharges were deduced. In particular, it was found that a single supercharge Q of R-charge −1 exists if and only if M is a complex manifold, i.e. it admits an integrable complex structure J µ ν , and g µν is a compatible Hermitian metric. Since there is only one supercharge, it follows from (2.15) that it must square to zero, i.e. δ 2 Q = 0. In section 2.5 we will discuss complex manifolds with topology S 3 × S 1 that preserve up to four supercharges.
The Killing spinor ζ corresponding to a single supercharge Q on a complex manifold M is simply related to the complex structure J µ ν on M,
The background fields A (R) µ and V µ are essentially determined by J µ ν and the Hermitian metric g µν . Here we will only quote the formula for V µ ,
18)
19 Its action on spinors χα, χα is given by
up to a freely adjustable piece that will play no role in our discussion. (See [8] for additional details, including the formula for A (R) µ .) Note that V µ vanishes when M is Kähler, so that J µ ν is covariantly constant. As discussed around (1.9), this is precisely the case that allows for twisting by the U (1) R symmetry. Therefore, the supergravity construction reduces to twisting in the appropriate limit, but it is more general. For instance, it allows complex manifolds M that are not Kähler, such as the S 3 × S 1 backgrounds discussed in section 2.5. This is only possible because of the additional field V µ supplied by new minimal supergravity. An important fact that carries over from twisting is that the supercharge Q on the complex manifold M transforms as a scalar under holomorphic coordinate changes [52] . This will play a crucial role in section 2.4, where we analyze the dependence of the partition function Z M on the geometry of M.
It is straightforward to extend the preceding discussion to background gauge fields a µ , which couple to conserved flavor currents j µ [8, 53] . Here we will focus on a single U (1) current. In flat space, it resides in a real linear superfield J , which satisfies
In components,
The corresponding background gauge field a µ resides in a vector multiplet V. In Wess-Zumino gauge,
Here D is a real auxiliary field and λ α is the gaugino. In order to determine the allowed supersymmetric configurations of the bosonic background fields a µ , D on a complex manifold M with supercharge Q, we follow the same logic as above and set
This leads to the following constraints,
where f 0,2 is the anti-holomorphic (0, 2) component of the two-form f µν . Therefore, supersymmetric background gauge fields are in one-to-one correspondence with holomorphic line bundles over the complex manifold M.
Lagrangians
As was emphasized in section 1.3, the rigid supersymmetry approach cleanly separates between the allowed supersymmetric backgrounds and their supersymmetry algebras (which were discussed in section 2.2), and supersymmetric Lagrangians on these backgrounds. These Lagrangians only depend on a choice of background supergravity multiplet, but not on the specific field configuration of the supergravity fields. They can be straightforwardly obtained from the corresponding formulas in new-minimal supergravity [35, 36, 38] . Consider, for instance, a free chiral multiplet Φ = (φ, ψ α , F ) of R-charge r, and its conjugate anti-chiral multiplet Φ = ( φ, ψα, F ) of R-charge −r, with flat-space Lagrangian
The corresponding curved-space Lagrangian in the presence of supergravity background fields is given by [7] ,
is the R-covariant derivative, and L R 4 covariant is the covariantization of (2.24) with respect to diffeomorphisms and R-symmetry gauge transformations. It describes the minimal coupling of L R 4 to background fields. However, supersymmetry requires the presence of additional, non-minimal terms in the Lagrangian (2.25). Moreover, these terms explicitly depend on the R-charge r of Φ, i.e. on the choice of R-multiplet that was used to couple the flatspace theory to background supergravity. This agrees with the general discussion in section 1.3: the coupling to M proceeds through the stress-tensor multiplet and different multiplets lead to different theories in curved space. Here the ability to freely assign any R-charge r to Φ reflects the freedom to choose an R-multiplet from a continuous family of such multiplets. In other situations the R-charge may be fixed, e.g. in the presence of a superpotential W = Φ n we must set r = 2 n . 20 The non-minimal terms in (2.25) also require a corresponding modification of the supersymmetry transformations, 26) and similarly for the conjugate fields in the anti-chiral multiplet Φ. Given a solution ζ of the Killing spinor equation (2.13), we can substitute the corresponding background fields into the Lagrangian (2.25) and verify that it is supersymmetric under (2.26), provided we use (2.13). Broadly speaking, the curved-space Lagrangian L M depends on three kinds of data:
1.) Data that was already present in the flat-space Lagrangian L R 4 .
2.) The choice of R-multiplet that is used to couple the flat-space theory to supergravity background fields. For a theory with a Lagrangian description, this amounts to a set of R-charge assignments for the fields.
3.) Various geometric structures on M, i.e. the complex structure J µ ν , the Hermitian metric g µν , and possibly background flavor gauge fields described by holomorphic line bundles over M. These structures emerge from the Killing spinor equations (2.13) and (2.14), as well as (2.22) for background gauge fields.
We will now explain how supersymmetry constrains the dependence of the partition function Z M on this data, focusing on the curved-space data summarized in 2.) and 3.) above.
Constraining the partition function
We can use supersymmetry to constrain the dependence of the partition function Z M on continuous data. The basic idea is to vary the data by a small amount, schematically denoted by ∆M, and check whether the corresponding small change ∆L M in the Lagrangian is Q-exact. If this is the case, the partition function does not depend on the deformation,
The same logic underlies the localization argument, which was sketched around (1.7) and (1.8).
A head-on analysis of this problem is possible [53] , but it is complicated by the fact that the curved-space Lagrangian and the supersymmetry transformations depend on the continuous data that we would like to vary. Here we will explain a simple but powerful method for sidestepping these complications, which has the added advantage of not requiring a Lagrangian. The simplification proceeds in two steps:
1.) If we work around flat space, with a nearly flat metric, then the deformation Lagrangian ∆L M consists of operators in the stress-tensor multiplet of the flat-space theory, i.e. the Rmultiplet (2.7). The known supersymmetry transformations of these operators can be used to determine which terms in ∆L M are Q-exact.
2.) These results can be extended to arbitrary complex manifolds by using the fact that the supercharge Q is a scalar under holomorphic coordinate transformations.
This logic is standard in the context of topological twisting (see for instance [5, 16] ), where Q is a scalar under all coordinate changes and a suitably defined stress-tensorT µν is Q-exact in flat space,T µν = {Q, Λ µν }. This is generally sufficient to ensure that the partition function Z M on any four-manifold M does not depend on the metric g µν . Following [8] , we will now apply this argument to constrain the dependence of the partition function Z M on a complex manifold M on the complex structure J µ ν and the Hermitian metric g µν . To this end, we introduce local holomorphic coordinates z i (i = 1, 2), in which the non-zero components of the complex structure and the metric are given by
In these coordinates, infinitesimal variations ∆J µ ν , ∆g µν of the complex structure and the metric must satisfy the following constraints,
The first line ensures that J µ ν + ∆J µ ν is also an integrable complex structure (at first order in the variation), while the second line is the statement that the deformed metric g µν +∆g µν should be Hermitian with respect to the deformed complex structure. Complex structure deformations of the form ∆J 30) are induced by an infinitesimal diffeomorphism parametrized by the vector field ε µ . This leads to a cohomology problem for non-trivial complex structure deformations: they correspond to classes in H 0,1 (M, T 1,0 M). If M is compact (as we are assuming here), this is a finitedimensional vector space, i.e. there is a finite number of complex structure moduli. See [54] for an introduction to the deformation theory of complex manifolds. We begin with the linearized couplings of the bosonic operators (2.8) in the R-multiplet to the bosonic new minimal supergravity fields (2.9) (this is (1.10), specialized to new minimal supergravity), 21
We can now substitute the deformations (2.29) into this formula. (This requires the formula for B µν in (2.18) and the formula for A (R) µ in [8] .) We find that
where we have defined the following (complex) linear combination of operators in the Rmultiplet,
We can now ask whether any of these operators are Q-exact, and hence do not affect the partition function when they appear in (2.32). The only fermionic operators in the R-multiplet are the supersymmetry current S µα and its conjugate S µα , whose Q-variations are given by
Using the relation (2.17) between the Killing spinor ζ and the complex structure J µ ν , it can be shown that the second relation in (2.34) amounts to the statement that all operators of the form T µi , for any index µ, are Q-exact. Comparing with (2.32) shows that:
1.) The partition function Z M does not depend on the Hermitian metric g ij .
2
.) The partition function Z M depends on ∆J i j , but not on its complex conjugate ∆J i j , i.e. it is a holomorphic function of the complex structure moduli. 22 These results lead to the following observations:
• Since Z M does not depend on the metric, we can rescale g ij → λ 2 g ij for some constant λ.
This uniform scale transformation can be identified with RG flow, and hence Z M can be computed in the UV or in the deep IR of any non-trivial RG flow. An immediate consequence is that Z M must be invariant under IR dualities, such as Seiberg duality [55] .
• The arguments above apply to small (infinitesimal) deformations, and hence they only show that Z M is a locally holomorphic function of the complex structure moduli. There are generally interesting singularities at certain loci in moduli space. Even the metric independence of Z M may only hold for sufficiently small deformations (see for instance [14] ).
• We can repeat the preceding analysis for flavor current multiplets. The upshot is that Z M only depends on background gauge fields through the corresponding holomorphic line bundles [8] . In particular, it is a locally holomorphic function of the bundle moduli. If M is compact, there are finitely many of them.
So far we have discussed the dependence of Z M on the geometric structures supplied by the background fields. We can use similar methods to analyze its dependence on the choice of U (1) R symmetry that is used to couple the flat-space field theory to M. A detailed discussion can be 21 Our operator Cµν was denoted by i 4 ε µνρλ F ρλ in [8] . 22 Note that ZM cannot depend on trivial deformations that vanish in cohomology, since these are induced by background diffeomorphisms.
found in [53] . Here we only recall that, in flat space, the R-symmetry is not unique whenever there is an abelian flavor symmetry that can mix with it. However, in a non-trivial background the R-charges may be quantized, and hence not continuously variable (see for instance [52, 8] ). Only special classes of complex manifolds allow a continuously variable R-symmetry. 23 2.5 Example:
We will now briefly summarize an application of the general results discussed above to complex manifolds with topology S 3 × S 1 . (See [8] for additional details.) It follows from results of Kodaira [56] that every such complex manifold must be a primary Hopf surface, which comes in two types. We will focus on a primary Hopf surface of the first type, M p,q , which is defined by the following holomorphic quotient,
Here p, q are complex structure moduli of the Hopf surface. The results summarized in section 2.4 imply that the partition function Z M p,q is a locally holomorphic function of p, q. If there are abelian background gauge fields, it must also be locally holomorphic in the corresponding bundle modulus u. (It can be shown that there is only one such modulus on M p,q .) Partition functions on Hopf surfaces were directly studied in [57, 58] using localization techniques. It can be shown [8] that Z M (p, q, u) coincides with the supersymmetric index I(p, q, u) for states on S 3 × R defined in [59] (see also [60, 61, 7] ), with general complex fugacities p, q, u. 24 If the theory is an SCFT, this index coincides with the superconformal index of [61] , which counts BPS operators, but in general it is distinct. In particular, it is defined away from the conformal point and can be tracked along RG flows. See Contribution [25] for a more detailed discussion.
It is worth commenting on the S 3 × R background of new minimal supergravity that is used to define the index [62, 7] . It preserves four supercharges that anticommute to an SU (2|1) superalgebra. The bosonic subalgebra SU (2) × U (1) contains one of the SU (2) factors of the SU (2) ℓ × SU (2) r isometry of S 3 , and a U (1) factor that is a linear combination of time translations along R and the R-charge. The supergravity background fields are given by
Here r is the radius of the round S 3 , and the sign of V depends on whether the SU (2) ⊂ SU (2|1) is identified with SU (2) ℓ or SU (2) r . The choice of A (R) is such that the supercharges are time independent. Note that the background fields are consistent with reflection positivity in Euclidean signature, since the τ -components of V and A (R) are purely imaginary, i.e. they would be real in Lorentzian signature. The non-conformal index I(p, q, u) is defined as the Witten index of the theory on S 3 × R in Hamiltonian quantization,
Here H S 3 is the Hilbert space of states on S 3 , J ℓ and J r are the Cartan generators of SU (2) ℓ and SU (2) r , R is the U (1) R charge, and Q flavor is the U (1) flavor charge associated with the fugacity u.
Theories without an R-symmetry
Theories without a U (1) R symmetry do not possess an R-multiplet, and hence they cannot be coupled to the new minimal supergravity background fields. Consequently, the discussion in the preceding subsections does not apply to them. A prominent example of such a theory is pure N = 1 supersymmetric Yang-Mills theory, where the U (1) R symmetry is explicitly broken by an anomaly. However, even theories without an R-symmetry typically posses an FZmultiplet (2.4), which can be coupled to the old minimal supergravity background fields [33, 34] ,
Here b µ is a well-defined (i.e. non-gauge) vector field, and M, M are complex scalars. In Lorentzian signature M = M , but in Euclidean signature they may be independent.
The Killing spinor equations that follow from setting the supersymmetry variation of the gravitino Ψ µα to zero are given by [7] 39) and a similar equation with ζ ↔ ζ, M ↔ − M, and i ↔ −i. Note that, unlike in the new minimal case (2.13), the Killing spinor equation mixes the left-and right-handed spinors ζ and ζ, which leads to new backgrounds that cannot arise in new minimal supergravity. The supersymmetric backgrounds that satisfy (2.39) were classified in [7, 63, 64, 65] . A simple background that highlights the qualitative differences between the old and new minimal cases is a round S 4 of radius r with
Since S 4 is not a complex manifold, it cannot arise as a background in new minimal supergravity. Moreover, the non-zero values for M, M necessarily break the R-symmetry of the field theory, even if it was present in flat space. Finally, note that M, M are not complex conjugates, and hence the background does not respect reflection positivity unless these fields decouple. This happens if the flat-space theory is superconformal, in which case it can be mapped to S 4 by a conformal transformation that preserves unitarity. In a non-conformal theory, the violation of unitarity is necessary in order to avoid a no-go theorem that forbids unitary supersymmetric theories in de Sitter space, and hence reflection positive supersymmetric theories on compact spheres. The S 4 background admits a squashing deformation that only preserves the isometry group SO(4) ⊂ SO(5). Unfortunately, neither the round nor the squashed S 4 appear to be amendable to localization calculations (see for instance the recent discussion in [45] ).
3 Three-dimensional N = 2 theories 3.1 Theories with an R-symmetry on curved manifolds
Here we briefly sketch extensions of the results summarized in section 2 to three-dimensional theories with N = 2 supersymmetry. We only discuss theories with a U (1) R symmetry. Now the R-multiplet consists of the following operators [27] ,
is the R-current, S µα is the supersymmetry current, T µν is the stress tensor, j (Z) µ is the central charge current, and J is a scalar operator. All operators other than J are conserved currents. The corresponding background supergravity fields constitute the analogue of new minimal supergravity in three dimensions (see for instance [66] and references therein),
Now the condition δ Q Ψ µα = 0 leads to the following generalized Killing spinor equation for the allowed supersymmetric backgrounds [51, 67] ,
Here V µ = −iε µνρ ∂ ν C ρ is the dual field strength of C µ in Euclidean signature. A solution ζ to these equations exists if and only if the three-manifold M admits a geometric structure known as a transversely holomorphic foliation (THF), and the metric is a compatible transversely Hermitian metric (see [8] for additional details). This structure is comprised of the following ingredients:
1.) A nowhere vanishing unit vector field ξ µ , which provides a local 2 + 1 decomposition of the manifold M.
2.) An integrable complex structure J on the two-dimensional spaces transverse to ξ µ , such that J is invariant along ξ µ , i.e. L ξ J = 0.
In the compact case, such manifolds have been classified [68, 69, 70] . Topologically, they must be Seifert manifolds or T 2 bundles over S 1 . Compact hyperbolic three-manifolds are not allowed. As is already clear from the definition, manifolds that carry a THF are very similar to complex manifolds. For instance, both admit complex (p, q) differential forms, a ∂-operator, a corresponding Dolbeault cohomology, and holomorphic line bundles. As in four dimensions, these holomorphic line bundles correspond to supersymmetric configurations of background gauge fields for abelian flavor symmetries. Both a THF, and the holomorphic line bundles over it, generally come in infinite families labled by a finite number of holomorphic moduli. As in the discussion around (2.30), these moduli (which are finite in number if M is compact) correspond to certain ∂-cohomology classes. See section 5 of [8] for an introduction to THFs and their moduli.
Constraining the partition function
In addition to the flat-space couplings and the choice of R-symmetry, the Lagrangian on M now depends on a choice of THF, a transversely Hermitian metric, and holomorphic line bundles corresponding to background flavor gauge fields. Repeating the arguments in section 2.4 in this case, we find that (see [8] for a detailed discussion):
• The partition function Z M does not depend on the transversely Hermitian metric.
• Z M is a locally holomorphic function of the THF moduli.
• The partition function depends holomorphically on line bundle moduli corresponding to background flavor gauge fields.
Example: round and squashed S 3
In N = 2 theories with a U (1) R symmetry, the partition function on a round S 3 is computable using supersymmetric localization techniques [71, 72, 73] (see also Contribution [74] ). This result has been generalized to a large variety of squashed spheres, see for instance [75, 76, 77, 78, 79, 80, 81, 82, 83] . These squashed spheres often have the feature that their metric contains arbitrary functions, in addition to various continuous parameters. Explicit localization computations of partition functions on these squashed spheres indicate that:
• The partition function only depends on the background geometry through a single complex parameter b, known as the squashing parameter. We will therefore denote the partition function by Z S 3 b .
• Some deformations of the background fields do not affect Z S 3 b (i.e. they do not change b), even though the metric changes.
These observations can be understood using the results of [8] summarized in section 3.2 above. 25 It follows from the classification of [68, 69, 70] that the moduli space of THFs on threemanifolds diffeomorphic to S 3 (i.e. squashed spheres) is one complex dimensional. 26 Therefore all squashed-sphere partition functions should only depend on one complex modulus, which can be identified with the squashing parameter b. It also shows that more complicated squashings will not lead to new partition functions.
Similarly, distinct squashed spheres that give rise to the same value of b correspond to the same choice of THF, but possibly different transversely Hermitian metrics, which do not affect the partition function.
F -maximization and correlation functions
The SUSY theories on S 3 × S 1 and S 3 discussed in sections 2.5 and 3.3 above explicitly depend on a choice of U (1) R symmetry, which affects their curvature couplings. In a superconformal theory, there is a distinguished choice of U (1) R symmetry, which resides in the superconformal algebra. In four-dimensional N = 1 theories, it can be determined in flat space using anomalies and a-maximization [48, 85] .
The analogous principle for three-dimensional N = 2 theories is F -maximization [72] . Since this is the subject of Contribution [13] , we will only make a few remarks. Consider the partition function Z S 3 on a round S 3 , together with a supersymmetric background gauge field for the conserved flavor current j µ . This partition function only depends on one holomorphic line bundle modulus u, Z S 3 = e −F (u) , F (u) = F (m + it) . Here t ∈ R controls the mixing of the flavor symmetry with the R-symmetry, while m is a real mass parameter associated with the flavor symmetry. The fact that the m-and t-dependence of F descends from a single holomorphic function of u was first observed in [72] . A general explanation was given in [53] . Derivatives of the free energy F with respect to t compute integrated correlation functions of j µ or its superpartners on S 3 . In an SCFT, one-point functions should vanish, so that
(3.5) Surprisingly, the first derivative of the imaginary part ImF need not vanish, due to a global superconformal anomaly that can arise in three dimensions [39, 40] . Taking more derivatives with respect to t leads to higher-point correlation functions of j µ , for instance
Here τ is the coefficient of the current two-point function at separated points in flat space. In a unitary theory τ must be positive,
The conditions in (3.5), (3.6), and (3.7) amount to the statement of F -maximization, which can be used to solve for the superconformal value t = t * of the mixing parameter. Once this value has been found, we can use (3.6) to compute the value of τ in the SCFT. Similarly, we can slightly squash the sphere away from the round point b = 1 to extract the positive coefficient C T > 0 that appears in the stress-tensor two-point function at separated points [67] ,
